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1. INTRODUCTION 
The purpose of this paper is to study the structure of the solution space of 
J-(J) + py” + qy’ + Y-V = 0 (1) 
and to establish connections between the structure of the solution space of (1) 
and the structure of the solution space of its adjoint 
t,‘4) + (py)” - (qy)’ + YJ' = 0. (2) 
Most of the work on equation (1) has been for the self-adjoint case. Barrett [2] 
and Swanson [7] are good sources of references. There has been some more 
recent work on the non-self adjoint case by such authors as Ridenhour and 
Sherman [6J, Peterson [5], Keener [4] and Ahmad [l]. 
We will, as Keener in [4], assume that (1) is either 3-1 and 2-2 disconjugatc 
or l-3 and 2-2 disconjugate, where to say that (1) is i-i disconjugate means that 
(1) cannot have a solution with a zero of order i followed by a zero of order i. 
The study is motivated b! 
whose general solution is 
y-r, - ?” =o (3) 
y  = cl + c2 errp(x) + exp(-x/2) [cQ sin 3lpx/2 + c, cos 3l!‘x/2] (4) 
and 
whose general solution is 
-y(4) + y’ .= 0 (5) 
y  = cl t- c2 exp(-s) + exp(x/2) [cQ sin 3’%/2 + c% cos 31~?x/2]. (6) 
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It can be seen from (4) that (3) is 3-l and 2-2 disconjugate and that every 
basis for the solution space of (3) must have either 0, 1, or 2 oscillatory elements. 
On the other hand, from (6) it follows that every basis for the solution space of 
(5) must have 2, 3, or 4 oscillatory elements and that (5) is l-3 and 2-2 discon- 
jugate. Conditions will be given under which (1) has these properties. 
We will assume that p, q and I satisfy whatever smoothness conditions needed 
and that (1) has at least one oscillatory solution. We mean by an oscillatory 
solution of (1) a nontrivial solution which has zeros for arbitrarily large values 
of .Y. 
We will use the notation 
I ,I&) .*. Y&c) 
WC??1 7 Yz ,...,?‘,) (x) = 3”l!x) 
Y’n(4 
(A(,) 
?‘l yji”‘1y.q 
2. POSSIBLE BASES 
THEOREM 1. Suppose (1) is 3-1, 2-2 disconjugate. Then equation (1) has a 
basis with exactl’y i oscillatory elements, for i = 0, 1, 2. 
Proof. By a result of Keener [4] there exist two oscillatory solutions ui and 
uz of (1) such that w(ui , u.J > 0. Let a be a zero of u2 . Consider us defined by 
z+(u) =: Lg(a) = 0, ~“~(a) = zF3(a) = 1 and u4 defined by uq(a) = ~‘~(a) = 
u”*(a) I= 0, uIN4(a) = 1. Then w(uq , ua , u, , ui) (a) = ui(u) u’,(u). Now 
ui(u) u’*(a) # 0 since w(ui , up) > 0 and up(a) = 0. Thus ui , ug , u3 , u, are 
independent. Thus since all solutions with double zeros are nonoscillatory, there 
is a basis for the solution space of (1) with exactly two oscillatory elements. 
Let b < a be a zero of u1 . Replace ui with or where w,(b) = v’,(b) = v”,(b) = 0, 
o”‘,(b) := 1. Now wi is not in the space generated by uz , u3 , u4 , since it does 
not have a zero at a. Thus z’i , ua , uj and uq is a basis with exactly one 
oscillatory element. 
Let zi , z2 , za , a, be solutions of (1) satisfying the following boundary 
conditions: 
x,(b) = z’,(b) = z~(u) = z,(b) = z’*(b) = z”,(b) = zj(u) = ~‘~(a> = z4(a) 
= ,7Ys(a) = z”,(a) = 0, 
z”,(b) = ,zm2(b) = ,~“~(a) = ~“‘~(a) = z4”‘(u) = 1. 
Clearly zi , za , 4 z are independent and x%(a) # 0 implies that Z, is not in the 
space generated by zi , za and zq . Thus z1 , z2 , a3 , zq is a basis for (1) with all 
nonoscillatory elements. 
The nonoscillatory solutions of (3) and (5) suggest the following two theorems. 
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THEOREM 2. Suppose (I) is 2-2 disconjugat2. If  u(a) = u’(u) ~1 z(a) = 
z!(a) = 0 and u and 21 are linearlqt independent, tlzerr z~(u; v) (x) f  0 for s --= o. 
Proqf. Suppose W(U, V) (6) == 0 for b + a. Th en some linear combination of u 
and z’ has double zeros at a and b, which is not possible. 
THEOREM 3. Suppose (I ) is 1-3 a?zd 2-2 d&on&gate. Then there exist two 
nonoscillatory solutions u and z’ such that w(u, 2.) > 0. 
Proof. Let {x,& + oz where s, < si-, and a < xi . Let {ji ,f2 . f13 , f4’; be 
a basis for the solution space of (I). Let 
be defined by 
U,(Xj) = U’j(Sj) = U”(Si) = 0, U”‘i(.~j) < 0, 
eqi(a) = Ei(Xi) = di(Xj) = 0, z’“&) > 0, 
ai” + bi’ + ci’l + di” = 1, air -;- flj’L + (Tit + Fjj’ = 1. 
Assume, without loss of generality, that 
lim ui = u and 
i&x 
lim eqi = 2’ 
i&r 
Now q(x) > 0 for .v < s; and by [4] z’~(.‘c) > 0 for s E (a, xi). Also, 
w(ui , VJ (u) = q(a) ~‘~(a) > 0. Thus xj(ui, zqi) > 0 for xi > x 2 a, for other- 
wise there is a linear combination of uj and zii with two double zeros. ClearI!-, 
U(X) > 0, U(X) > 0 for x > a and ~(a) = 0. Otherwise u or ZI would have mul- 
tiple zeros and thus would be negative for some x [4]. Consider w(u, z) = 
lim,+m w(u~, vi) > 0. If  there is b such that zu(u, V) (6) = 0, then there is a 
linear combination du + erl that has a double zero at b and thus is oscillatory 
[4], Thus w(u, du + ez!) = ez!(u, zl) changes signs. 
THEOREM 4. Suppose (1) is 1-3 and 2-2 disconjugate. Then (1) has a basis 
with exactly 2, 3, or 4 oscillatory elements. 
Proof. By Theorem 3 there are two nonoscillatory solutions zc and z’ such 
that w(u, ZJ) > 0. Assume z!(a) = 0. Let 0, and 0, be defined by the following 
conditions: 
O,(a) = O’,(a) = Ol,(a) = 0, Om&) = 1, 
O,(a) = O’,(a) = 0, O”,(U) = W2(a) = 1. 
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Since any solution with two zeros oscillates, (u, v, 0 i , O?] is a basis with exactly 
two oscillatory elements. 
Consider W(ZG 0, 7 0,). Then w(v, 0, , 0,) (a) = w’(z), 0, ) 0,) (a) = 
w”(v, 0, , 0,) = 0. Since w is a solution of the adjoint of (1) which is 3-1, 2-2 
disconjugate, 1 w(a, 0, , O,)i > 0 for J > a. Thus no nontrivial linear combination 
of v, 0, , 0, has a triple zero at .‘c > n. Thus {a, 0, , 0, , O,> is a basis for the solu- 
tion space of (1) where O,(c) = O’,(c) = O”,(c) = 0, O”‘a(c) = 1 where c > a. 
Let vi be oscillatory with a simple zero at a. Let z’~ have a double zero at a and 
v, have a triple zero at a. As above 1 u(z.~i , 21, , va)/ > 0 for x > a. Thus if z14 
is a solution of (1) with a triple zero at c > a, then {vi , z12 , z’a , z’~) is a basis 
with all oscillatory elements. 
3. CONNECTIONS BETWEEN THE STRUCTURE OF THE 
SOLUTION SPACES OF (1) AND (2) 
THEOREM 5. Equation (1) is 3-1, 2-2 disconjugate and oscillatory if and only 
if its adjoint is l-3, 2-2 disconjugate and oscillatory. 
Proof. Equation (1) is 3-1, 2-2 disconjugate if and only if its adjoint is 
l-3, 2-2 disconjugate is shown in [7]. 
Suppose (1) is 3-1, 2-2 disconjugate and oscillatory. Let u and v  be solutions 
of (1) defined by 
u(a) = U’(U) = U”(U) = 0, u’“(a) = 1 
v(u) = v’(a) = 0, v”(a) = v”(a) = 1. 
By Theorem 2, 1 w(u, t-)1 > 0 for .v > a. Since (1) is 3-l and 2-2 disconjugate 
u and w are nonoscillatory. Let z be oscillatory. Then w(u, z!, z) is a solution of 
the adjoint of (1). I f  w(u, z!, .a) is nonoscillatory, then u, v, z eventually satisfy 
a nonsingular third order equation. But that is not possible since 1 ZL’(U, F)I > 0 
for x :> a and z is oscillatory [3, Theorem 21. 
Suppose (1) is 1-3. 2-2 disconjugate. Then by Theorem 3 there are two 
nonoscillatory solutions u and v  such that w(u, z!) > 0. Then by the same 
argument as above the adjoint of (1) is oscillatory. 
Whether or not all bases of equations that are 3-1, 2-2 disconjugate or l-3, 
2-2 disconjugate are of the types in Theorems 1 or 4 is an open question. Under 
certain conditions, however, the question is answered in the affirmative in the 
next section. Here we will establish connections between (1) and its adjoint. 
THEOREM 6. If (1) is 3-1, 2-2 disconjugate with four independent oscillatory 
elements then its adjoint has three nonoscillatory elements that are independent. 
The proof of this theorem will be given in the following series of lemmas. 
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Supposef, , fz , fS , f4 arc linearly independent such that every linear combina- 
tion offi andf, is oscillatory and every linear combination off, and f4 is non- 
oscillatory. Then g, =T= fiif4 , g, -fiL/f4 , g3 = f.J’, , 1 have the same properties. 
LEMMA 1. If there are four independent oscillatorJ9 elements in [g, , g, , g, , 11 
then there exists z’ E [g, , g2] such that 1 + z’ is oscillatory, where [gl ,..., g,,] 
denotes the linear space generated by g, ,..., g, . 
PYOOf. Suppose not. Suppose I + u is nonoscillatory for every u E [g, , g,]. 
Then lim,-, U(X) = 0 for every u E [g, , g?]. I f  this were not the case then 
either lim SU~,~-,~ u(x) = a: > 0 or lim inf,,, u(x) = /3 < 0 for some u E [g, , gJ. 
If  lim supsAz u(x) = N > 0 and iy < w then 1 - 24x)/a: is oscillatory. I f  
01 = m then 1 - U(X) is oscillatory. I f  lim inf,,, u(x) = /3 < 0 then in the same 
way the assumption that 1 4 u isWnonoscillatory for every u E [gl , gJ is contra- 
dicted. 
Since there are four independent oscillatory elements in [g, , g, , g, , 1] there 
is a k such that 1 -+ kg, + v  is oscillatory where T E [g, , g,]. Since 1 + jgzl is 
nonoscillatory for every choice of j and lim,_, u(s) = 0, it follows that 
I@.,, - kg,(x) = 1. From this it follows that mg, + v  is nonoscillatory for 
every z’ E [g, , g?] and m f  0. Thus there is an I + k such that 1 + 1g3 + z’ is 
oscillatory where z’ E [g, , g,]. But as before this implies that lim,,, - /g,(x) = 1 
which says that E = K. Thus it cannot be that 1 + u is nonoscillatory for ever! 
u E [g, , gJ and the lemma follows. 
NOW suppose (1) is 3-1, 2-2 disconjugate and suppose that it has four oscilla- 
tory elements in some basis. Let u1 , up , ua , u4 be independent solutions of the 
adjoint of (1) such that 
every linear combination of u1 and u2 is nonoscillatory and 
w(ul , u.J # 0 (the existence of two such solutions was shown in 
Theorem 3), 
ul(a) = 0, 
and 
us(a) = u’3(a) = u”a(a) = 0, urns(a) = 1, 
u4(u) = zJ4(a) = 0, u”,(a) = 1 = u’“&z). 
(7) 
(8) 
(9) 
(10) 
It follows that q = w(ul , u2 , us), u+ = w(ul , u2 , ua), wa = w(ul , ua , u4), and 
wp = w(u2 , ug , up) are solutions of (1). 
LEMMA 2. Every linear combination of w1 and wp is oscillatory. 
Proof. Consider alwl + b,w2 = w(z+ , u2 , aluj + b,u,). Now alu3 + b,u, 
has a double zero at a and is thus oscillatory, while every linear combination of 
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ui and us is nonoscillatory. I f  ( w(ui , U, , alus + b,u,)l > 0 eventually, then 
ui , us , aluQ + biu, satisfy a nonsingular third order equation [3], which is not 
possible [3]. 
LEMRI.4 3. Every linear combination of wg and wp is nonoscillatory. 
Proof. Consider aiwa + biw, = w(a,u, + b,u, , u3 , uq). Since w has a 
double zero at a the result follows. 
Lmmu 4. There are constants a, and b, such that w3 + alwl + b,w, is 
oscillatory. 
Proof. This is a consequence of Lemmas 2, 3 and 1. 
LEMMA 5. Suppose z1 , z2 , z, are independent solutions of the adjoint of (1) 
such that w(.q , z2 , x3) is oscillatory. Then there is a linear combinations of z1 , 
zp , z3 zzhich is nonnegative. 
Proof. Suppose (xj}FE1 diverges to co where xi < xi+i and w(zi , zs , xs) (xi) 
== 0. Define 
by 
z&q.) = -“‘i(“j) = Zfli(Xj) = 0, z’vi(.q) < 0. 
Without loss of generality we can assume zj converges to z = olzi + /3x, + SZ, . 
Since %i satisfies an equation that is l-3 disconjugate, &(.x) > 0 for x < xi. 
Thus .%(x) 3 0 for all x. 
Suppose a, and b, are both nonzero where wg + a,wI + b,w, is given by 
Lemma 4. Then aiwi + b,w, + wy = w(alul , up + u,/b, , ud + b,u,/a,) is 
oscillatory. Thus by Lemma 5, there is a linear combination z = k,(a,u,) + 
k2(us $- us/b,) + k,(u, + b,u,/a,) that is nonnegative. Now ua 6 [aluI , 
us + u:Jb, , us + b,u,/a,]. Also z f  cui where c is a constant since ui has a 
simple zero at a and thus changes signs. Thus z # [ui , ua], for if it were then it 
follows that u2 E [alul , u2 + uJb, , u3 + b,u,/a,]. 
If a, = 0, then b,wu, + w, = w(ui , b,u, + ua , 1~~). Then there is a nonnegative 
solution z = k,u, + k,(b,u, + Us) + kau, . As before up $ [ui , b,u, + u3 , u4] 
and .a is not a multiple of ui . Thus z 6 [ui , ua], for if it were then uZ E [ui , 
b,u, + ~3 , ~1. 
If  b = 0, for similar reasons z $ [ui , a u 1. Thus the proof of Theorem 6 is 
complete. 
The final theorem of this section is the following. 
THEOREM 7. Zf (1) is 1-3, 2-2 disconjugate arld has three r~onoscilluto~~~ eleuretrts 
that are kdepende?rt then its adjoint has at leasf three oscillator:\, rlerrlents. 
Before giving the proof of this theorem, n-e will need the foilon itiy lemma 
LEnlhlA 6. Suppose (1) is l-3. 2-2 disconjugate alrd u1 and I+ are rrorroscillator~~ 
solutions of (1) such that w(ul , a’) ::> 0. Zf (1) has three nonoscillator>~ solutions then 
there exist a nomegatiz’e f and a g ~2 [zq , zf2] mch that zu(J g) -’ 0. 
Proof. suppose z! $ [ul , u2] is a nonoscillator\ solution of (I j. ;\ssume 
z-(x) > 0 for .T > b. Let u, be an oscillatory ‘solution of (I) such that 
ud $ [z!, u1 , u2]. Let a be a zero of uq where a :.> b. There is II t [zll . zig] such that 
u(a + 1) := 0, zt’(a + 1) 1.:: 0. S ‘ince u can have only one zero. u(.v) 3:. 0 for 
x >a a + 1, U(X) CC 0 for s C. a + I. Thus there is a positive 1 such that 
u(a) + m(a) = 0. But U(X) T W(X) > 0 for .Y :. o -1 I. Ixt I(~ 11 ~ #XT. 
Since ul(z+ , z14) oscillates, let {s,& be a divergent sequence of zeros of ZC(N~ , ZQ) 
and let 
g,(a) = g,(x,) = g’,(r,) = 0. ,g”i(.xi) :.:, 0, 
where gi == aiuQ + piu4 , olip $ ,&? = 1 and proceed as in Theorem 3. 
Proof of Theorem 7. Let u1 ~ u2 , f and g be as in Lemma 6. Let [II~ , u2 , g, zlq)- 
be a basis for the solution space of (1). Then consider 
Using the fact that every solution of (I ) with a double zero oscillates and that 
no third order equation which is oscillatory and whose adjoint is oscillatory can 
have two nonoscillatory solutions with a positive Wronskian [3], if fE [ICY , u.,] 
then letting f  = u1 , 20~ , z+ , and ZL’~ are oscillatory. I f  f  $ [ICY , ~1~1, then let 
uq =f. In that case, w1 , zc2 , zoS and ZL’~ are oscillatory. 
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In this section we give conditions on the coefficients of (1) that give the 
disconjugacy conditions assumed above. We also show that in the case considered 
all bases for the solution space of (1) are of the types of Theorems 1 and 4. 
THEOREM 8. Suppose p < 0, r < 0, p’ - 2q > 0, r’ > 0 with p’ - 14 + Y’ 
+ 0 on an interval. If N(u) = N’(a) = N”(a) := 0, W’(fz) = 1 th -V(x) > 0 
for x > a. 
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Proof. Let ~7 be any solution of (1). Then 
G[y(x)] = fv” - ~“~12 + py’?/2 + ry2/2 
= G[y(a)] + 1” (p’ - 2q)y’“,‘2 + j’ r’y”,‘2. 
-a a 
Suppose AV”‘(s,) = 0 for x1 > n. Since G[N(x)] is increasing and G[N(u)] = 0, 
it follows that G[N(x,)] > 0. But 2G[N(x,)] = -iF’(x,) + pN’“(x,) + 
rW(x,) C; 0. Thus W”(x) > 0 for x > a. 
COROLLARY 1. lynder the hypotheses of Theorem 1, (1) is 3-l disconjugate. 
THEOREM 9. If p < 0 and p” - q’ + 2r >, 0 then (1) is 2-2 disconjugate. 
Proof. Let J be any solution of (1). Then 
Suppose ,V is a nontrivial solution of (I) with N(a) = N’(a) = N(b) = N’(b) = 0. 
Then F[N(a)] = F[N(B)] = 0 which is not possible for a + b since F[N(x)] is 
decreasing (strictly at some points between a and 6). 
THEOREM 10. If  p .< 0, r < 0, p’ - 2q 2 d > 0, r’ 3 0 and u is an oscillu- 
tory soZution of (I) then U” is bounded and lim,:, U’(X) = 0. 
Proof. I f  u is oscillatory then G[u(x,)] = -u”~(x,)/~ + PU’~(.X,)/~ +ru2(x,)/2 
where sr is a zero of u’. Thus since G[u(x)] is increasing, G[u(s)] < 0 for all x. 
Thus 
I‘ 3c u’2 .< (1 :d) )_I (p’ - zq) u“L < -32. 
- I, - 0 
Let (.v,jk=r be the sequence of maximum points of u”‘). Then 
zP(x,) -;< u”~(xJ - pu”(x,,) - ru2(x,) = --ZG[u(x,)] < -2G[u(a)]. 
Thus u”~ is bounded along its maximum points and thus is bounded. Thus 
since J-z ziz < m it follows that lim,,, U’(X) = 0. 
LEMMA 7. Supposep < 0, r < 0,~’ - 2q > d > 0, r’ > 0 undp” - q’ + 2r 
> 0. Zf u z’s urr oscillatory soZution of (I ) then lim,,, F[u(x)] = 0. 
Proof. Let [.vnj A~-1 be the sequence of zeros of u. ThenF[u(s,)] ~ ((“(A,,) 
u’(sJ - 0 by Theorem 10. Thus since F[u(s)] is monotone the result follons. 
THEOREM 11. Suppose p -:;: 0, r ‘:: 0, p’ - 2q $: d I/ 0, r’ 0 and 
p” - q’ + 2~ 3 0. Then there are two oscillatory solutions of (1) suc11 that ezlerl\ 
oscillatory solution is a linear combination of them. 
Proof. Suppose not. Then by Theorems 1 and 2 there is an oscillatory 
solution u and a solution n which is eventually positive such that r u - II is 
oscillatory. Thus u + ZI is oscillatory. Now F[u -t V] = F[u] + F[v] -+ H[u, V] 
where 
Since u + 2), 24, v  are oscillatory lim,,, F[u(x)] = lim,,, F[(u + w) (x)] = Iti,_, 
F[v(x)] = 0. Thus lim,,, H[(u, V) (x)] = 0. From this it follows that 
lim +-rocI F[(au + bv) (x)] = 0 for every a and b. But w(u - n, u) oscillates. 
Henc there is a part c and constants a, and b, at which alu + b,v has a double 
zero. Hence F[a,u + b,a] (c) = 0 and since F[a,u + b,v] (x) is decreasing 
lim r+m F[a,u + bpl f  0. 
Using Theorems 11 and 7 we obtain the following. 
THEOREM 12. If  < 0, p” p - q’ + r < 0, -3~’ + 2q 2: d > 0, 
p” - q” + r > 0 and p” - q’ + 2r 3 0 then every basis of the solution space of 
(1) has 2, 3 or 4 oscillatory elements. 
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